





























23456 =2%(1+732)=2°+2°x2%(1+182)=2°+ 2"+ 2" x 2(1 + 91)
=2°42"+28+285(1+90)=2°+2"+ 28+ 28 x 2(1 + 44)
=2°42"+28+42°+2°x22(1 +10) =2+ 2"+ 28+ 2+ 2" + 21" x 2(1 + 4)
=2°42"+28+2°+2" 422+ 22 x22=2°4+27+284+ 27+ 2"+ 212+ 2™

Writing 23456 as

Ox(@2+2+22+22+29+2°4+0x20+27+28+27+0x 20+ 2"+ 224+ 0 x 23 + 2"

we get the binary expansion of 23456 as
23456 = (101101110100000),

The digits are 0 and 1 and they are written starting with the coefficient of
highest power of 2 on the right upto the coefficient of 2° on the right. The
number of O’s on the right of binary expansion gives the exact power of 2
dividing the number. For example 5 is the exact power of 2 dividing 23456, we
have five O’s on the right of the binary expansion of 23456.

Again, given a number in binary form as N = XXy .....X1X0)2, Wwe get the decimal
expansion of N by

N=Xo+ X2+ +X12"" + x,2".
For example, N = (1010101010), in decimal notation is given by
N=0+1x2"+0x22+1x22+0x2°+1x25+0x2°+1x2"+0x28+1x2°
=2'+ 25+ 2%+ 27 +27 =682,

While writing in decimal notatfion, we can only sum the powers of 2 for which
the corresponding coefficient is 1.

Exercises:
1. Write the following numbers in decimal notation.
(1010101100110),, (101011000110),, (101111100110),, (10000000001 10,

2. Write the following numbers in decimal notation.
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654321, 1000001, 56237801, 2468097531, 963258741
3. Simplify the following and write in decimal notation.

(1000101111100), + (1100101000100), (11101100100),
4, Simplify the following and write in binary notation.

(1111000110000), x 5642371

1.5 Complex Numbers (Preliminary Idea only)

Complex numbers arise from trying to find square roots of real numbers. It is
clear that the equation x* + 1 = 0 has no solution in real numbers. In other other
words, =1 does not have a real square root. To overcome this problem, the
concept of real and imaginary components of a numbers are infroduced.

Let us denote by i a square root of 1 so that # = 1. Then () = i = 1. The number i,
cadlled iota, has the property that

i4n — '| , i4n+1 i4n+2 — _'| , i4n+3 = _i for O” n 2 O

= |,
We define the set of Complex Numbers C as follow.
C={z=a+bi:a,beR}

Forz = a + bi € C, we say a is the real part of z, denoted by Re(2), and b is the
imaginary part of z, denoted by Im(2). For example, 1 +iis a Complex number
with both real and imaginary parts equal to 1. Writing every real numberr € R as
r=r+ oi, we see that the set of Real numbers is a subset of the set of Complex
numbers.

We can view z = a + bi as a polynomial a + bx computed at x = i. Using the
properties of powers of i, given two complex numbers z; = o, + bsiand z, = o, +
., we can define the sum z; + z; and product z;z, as

VARE VA (O] + b]|) + (02 + b2|) = (O] + 02) + (b] + b2)|
and

212 = (O] + b]l) (02 + b2|) = oA + O]bQi + b]OQi + b]b2i2
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=0y + (O, + )i — by, = (@10, — b1b,) + (O, + ALby)i

For example, (1 + D+ @ +3) =3 +4diand (1 + D@ +3) =2+ 3i + 2 + 3i° =
2-3)+@+2i=-1+5i

Given a complex number z = a + bi, we define the complex conjugate
z = a - bi. This is the complex number whose imaginary part is negative of the
imaginary part of z. For example, 2 -5i=2 +5i. For z =re R,we have z =z =r
as the Im(@) =0 in that case.

For complex numbers z; and z;, we have

z,+tz,=ztz, and 2,2, = Z, Z,
Also for z = a + bi, we have
zz =(@+bia-b)=a’+b?>0

since a, b are reals. Define the absolute value or modulus of z = a + bi, denoted
by lzl,as

\/Z:\/az +b°

where we take the non-negative square root o + b% For example, |1 + il =

JI2412 =42,

Following are some properties of the absolute value of complex numbers. Here
Z, 7y, Z, Are complex numbers.

1, |zl =1 -zl =1z1>0forallzeC.

2. Izl =0ifand onlyifz=0=0 + Oi.

3. lz1z,1 = 121 1z, forallzy, z, € C.

4, Triangle inequality: 1z +z| < Iz;1 + Iz, 1 forallz, z, € C.

Forz=a+ bi#0, we have

é a—bi a bi

zz a*+b* a*+b* a’+b’
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For example, (2 + 3i)™ —%—13—; Forz, -1, z, € C with z, # 0, we have

As an example, we have

2+3i _(2+3i)(4+51) _ —7+22i _7,22
4-5i 4245 41 41 41

Givenz e C,z#0, we have

z a+bi a bi

E b dP b +a2 +b?

Let 0 <0 < 2n be such that sin 6 = - and cos 6 = — 2 ~. The angle 6 is called

a +b a +b
the argument of z and we have
z=1z1(cos®+sinBi)=1zle"

which is called the Euler formula for the complex number z. For example,

1+i=\/_(\/— \/7] |z|(cosﬂ+sm—z] N

Exercises:
1. Find the complex conjugates and modulus of the following complex
numbers.
1-0, 1044, @+5)@+6), 7
+4i
2. Compute z, 72, 22, ' for the following z:

14, 340, 4+6i, 22 14n e

2+9i
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1.6 Indices, Logarithm and Antilogarithm
Indices

A power of a number is the product of a certain number of factors, all of which
are the same. For example, 5% is a power, in which the number 5 is called the
base and the number 9 is called the index or exponent. In fact, for any a, we

have
a'=a
o?’=a-a
a’=a-a-a
a"=a-a-a-a-a... N fimes

for any n. We have 2% =2.2.2.2 = 16 for example.

Let a and b be real numbers and m and n be integers. The Indices satisfy the
following rules:

1. A Zero power is given by a® = 1 for a = 0. For example 4° = 1. We note that
0% is not defined. It is sometimes called an indeterminant form.

2. For a positive n, the negative power a™ is defined by

23 = and

1 i a_l 50 1
— . Inparticular2™ =—,27 = —

For example, a® =
a 2 2

1 1 _1
4" 2 8
SO ONn.

1

3. A Fractional power, denoted by a” =4a ,is given by
(o) =0

1 1
For example, 92 =49 =3 and 8 =38 =2

All indices satisfy the following laws. Let a and b be real numbers and m and n
be rational numbers.
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1. To multiply powers with the same base, add the indices.
omoh = Om+n

For example, 2° .22 =2°=32

2. To divide powers with the same base, subtract the indices.
am m—n
n :a
a
2} 32 2? 2-3 o1 a" m—m 0
For Example, —=2""=2and =27 =2"=—.Nofe —=a4"" =a" =1 for
2 2 2 a”
a=0
3. To raise a power to a power, multiply the indices.
(Om)n - Omn

For example, (22)° = 2° = 64
4, A power of a product is the product of the powers.
(@b)™ =a™b™
For example, 32. 4% = (3 . 4)* = 122 = 144,
S. A power of a quotient is the quotient of the powers.

(3] _2 whenb =0
b b"

6 (6Y
For example, ?:(Ej =3 =9

Simplify the following by the above rules.

4
1. a=x%.x°

(17)




1.7 Logarithms

The Logarithm is the inverse image of an index. The logarithm of any positive
number to a given base (a positive number not equal to 1) is the index of the
power of base which is equal Tb that number. If N and b = 1 are any two positive
real numbers and for some real x, b* = N, then x is called the logarithm of N to
the base b. It is written as logsN = x. That is, if N = b*, then log,N = x. Since 3* = 81,
the value of log;81 = 4. Some examples:

1. log1 0.01 = -2 since 102 =0.01

1
2. logs \/Ezé since /2 =22

3. logob=1sinceb'=bforanyb>0,b=1.
4, log, 1 =0since b’=1foranyb>0,b=1.

From the definition of logarithms(logs). we obtain the following fora >0, b >0, b

# 1.
logy b"=n and b°®°=q

System of logarithms: There are two systems of logarithms, natural logarithm and
common logarithms which are used most often.

1. Natural Logarithm: These were discovered by Napier. They are calculated
with respect to the base e which is approximately equal to 2.718. We
usually denote logex by In x

2. Common Logarithms: Logarithms to the base 10 are known as common
logarithms.

Here we list some facts about logarithms:
1. Logs are defined only for positive real numbers.

2. Logs are defined only for positive bases different from 1.
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In logy, @, neither a nor b is negative but the value of log, a can be
negative. For example, l0g;00.01 = -2 since 102 =0.01.

Logs of different numbers to the same base are different, i.e. if a = ¢, then
log, a = logy C.

In other words, if log, a =log, ¢, thena=c.

Logs of the same number to different bases have different values i.e.
if a = b, thenlog, € #logy, C. In other words, if log, € =logy, €, then a =b.

Some important properties of logarithms:

1.

Logarithm of a Product:
log, (MN ) =log, M + logs, N

This follows from the property b™" = b™b". As an example, we have log, (4
- 8) =log, 4 +log, 8 =2 + 3 =5. If the product has many factors, we just
add the individual logarithms:

logu(ABCD) = logy A + l0gs B + log, C + log, D
In particular, we get the Logarithm of a power:
logp(@™) = nlog, a
Hence for example 10gx(3'®) = 100 log2;

Logarithm of a quoftient:

logb (%) =logp M —log, N

m

This also follows from the property b™™" = ZZ))_” For example
81 s
logs (?j =10Q; 81 —l0g;2°=4-3l0Q; 2

Logarithm in two different bases b, and b,:
l0Qk2 N = (Iogp1 N )0k, 1)

In particular, when by, = e and b, = 10, we have
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logio N = (loge N )(0gio ) =0.434 loge N and 1oge N = (logio N )(loge 10)
= 2.303 logoN

Exercises:

ayb
1. Expand logy (a b ]

cd?

6
2. Expand log, (4—967]
9y

3. Simplify loge a + logse b? + logie c®
4, Simplify loge a - logy, b? + log. ¢® - logy d*
Anti-logarithm

The anfi-logarithm of a number is the inverse process of finding the logarithms of
the same number. If x is the logarithm of a number y with a given base b, theny
is the anti-logarithm of (antilog) of x to the base b.

If logy ¥ = X, then y = antilog of x.

Natural Logarithms and Anfi-Logarithms have their base as 2.7183. The
Logarithms and Anfi-Logarithms with base 10 can be converted intfo natural
Logarithms and Anfi-Logarithms by multiplying it by 2.303.

The Zero Index

7

We have 9—7 = 1. On the other hand, applying the above index law 2 and
9

7

ignoring the condition m > n, we have 3—7 = 9% If the index laws are to be

applied in this situation, then we need to define 9° to be 1. More generally, if a =

0, then we define a° = 1. We note that 0% is not defined. It is sometimes called an
indeterminant form.

The index laws are also valid for the zero index. And for any non-zero a and b,
we have

Ta*d)° =1

(20)
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Negative Exponents
Let’s look at the decreasing powers of 2. We have
2°=3%,2=16,22=8,22=4,2'=2,2°=1,2"=?,22%="

As we can see, at every step when we decrease the index, the number is
halved. Therefore it makes sense to define

1
—, andsoon
2

1.8 Laws and Properties of Logarithms

Logarithms are useful in may domains, particularly in solving exponential
equations. For example, we use logarithms to measure Richter scale in
earthquakes, decibel measures in sound, pH balance in Chemistry and the
brightness of stars, fo name a few.

Let us look at the example of how logarithms are in used in measuring the
magnitude of earthquakes. The energy released by an earthquake gives the
magnitude of the earthquake.

The Richter magnitude scale (commonly known as Richter scale) is used to
measure this magnitude of an earthquake. Seissnographs detect movement in
the earth’s surface and measures the amplitute of the earthquake wave. Leti
e the measure of the earthquake wave amplitute and A, be the measure of

smallest detectable wave (or the standard wave).
Then the Richter Scale is given by the formula

A
R= loglo(l_)

0

Higher the Richter scale, more is the intensity of the earthquake and damages
caused. Usually earthquakes of Richter scale up to 4.9 does not cause damage.
The earthquakes of Richter scale 6-6.9 and above cause major damages. The
strongest earthquake till date was recorded in Chile in 1960 with Richter Scale of
9.5 which caused severe damage.

Example 1: There was an earthquake with a wave amplitude 2020 times the
wave. Calculate the Richter scale with two decimal digits?
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Solution: We have 4 =20204, This gives
A
R =log,,(=) = log,, 2020 = 3.3.
)‘0
Hence the Richter scale of the earthquake is 3:3.

Example 2: A scientist running an experiment finds that a particular bacterial
colony doubles its population every 20 hours. He starts with 200 bacteria cells.

t
She expects the number of cells o be given by the formula b =200(+2)* where

tis the number of hours for which the experiment is running. Find the number of
hours after which there will be 500 bacteria cells.

Solution: Taking logarithms on both sides of b=200(~/2)* and putting b = 500, we
get

-t
log 500 =logb =1og 200 + 1og(\/5)20 =1log 200+ 2—t0 log J2 = log 200+ 4i0 log 2.

This gives
500 5
B 40log— 40log —
{ = 40x108300~10g200 _ 200 _ 140 2 —22.964.
log?2 log?2 log?2

Therefore after 23 hours, there will be 500 bacteria cells.

Exercises: Let the population of the world in t years after 2010 be given by the
formula P = 4.7(1.02)' billions.

) Calculate the total population of the world in the year 2029 to the nearest
million.

i)  Find the year in which the population will be double of the population of
2020.
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