Chapter - IX
HEN

PROBABILITY

Learning Objectives:
Students will be able to:
) Find out sample space in arandom experiment

[ Recognize whether events are mutually exclusive,
independent or dependent

) Apply theorem of total probability in different situations
) Apply Bayes’ theorem in practical situations.
Before you start you should know

Sets, Union and Intersection of sets, Definition of probability
and Addition and multiplication rule of probability.

Revise yourideas on probability here:

https://www.khanacademy.org/math/probability /probabilit
y-geometry/probability-basics/a/probability-the-basics

















































and probability of completion of work when there is no strike (B") as
P(AIB") =0.80
Now we can easily find out the probability of completion of work in any case as:
P(A) = P(B) P(AIB) + P(B") P(AIB")
=0.65x0.32+0.35x0.8
=0.208 + 0.28 = 0.488
Thus, the probability that the construction job will be completed in time is 0.488.

WATCH THIS VIDEO : https://www.youtube.com/watch?v=U3 783xznQ)l

Check your progress-4 :

Its given that 80% of people attend their family and doctor regularly; 35% of
these people have no health problems cropping up during the following year.
Out of the 20% of people who don’t see their doctor regularly, only 5% have no
health issues during the following year. What is the probability a person selected
at random will have no health problems in the following year?

9.6 Bayes’ theorem

Bayes’ theorem, named after 18th-century British mathematician Thomas Bayes,
is a mathematical formula for determining conditional probability. It provides a
way to revise existing predictions or theories (update probabilities) given new or
additional evidence. This theorem is the foundation of the field of Bayesian
statistics.

Statement of the theorem:

If A, Az, ... Ay are n non empty events which constitute a partition of sample
space S
ie., AnA=¢foralli,j i=jwhich means

A, Az, ... A, are pairwise disjoint

and Ay U A, U ... UA,=S
[17]


https://www.youtube.com/watch?v=U3_783xznQI

Also B is any event of non-zero probability, then
P(A))P(BJA))
> PA OP(BJA)

P(A [B) = foranyi=1,2,3,..,n

Proof: By formula of conditional probability, we know
P(BNA;)
P(AB)=———
P(B)
— P(A)P(BJA)

By multiplication rule
PB) (By P )

__P@AIPG[A) (By theorem of fotal probability)
> P(Aj)P(B‘Aj)

Remark: In Bayes’ theorem the following terminology is applied.
The events A;, A, ... A, are called hypotheses.

The probability P (A) is called the priori probability of the hypotheses.

The conditional probability P(A, |B) is called a posteriori probability of the
hypothesis A..

Let us try to understand this theorem with a practical example given below:

lllustration: Let us find out patients’ probability of having liver disease if they are
alcoholic. "Being an alcoholic” is the test for liver disease.

e A could mean the event "Patient has liver disease.” Let us say 10% of
patients entering a clinic have liver disease as per data available with the
doctor. Probability of event A =P(A) =0.10

e B could mean the confirmatory test that “Patient is an alcoholic.” Let us
assume that five percent of the clinic’s patients are alcoholics. Probability
of event B =P(B) =0.05

[18]
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You might also know that among those patients diagnosed with liver disease,
7% are alcoholics. This is Bl A: the probability that a patient is alcoholic, given that
they have liver disease, is 7%. Applying Bayes’ theorem, we get

P(AIB) =(0.07 x0.1)/0.05 =0.14

In other words, if the patient is an alcoholic, his/her chances of having liver
disease is 0.14 (14%). This is a large increase from the 10% suggested by past data.
But it’s still unlikely that any particular patient has liver disease.

WATCH THESE VIDEOS NOW TO INTERNALIZE THE THEOREM.

Bayes’ theorem : https://www.youtube.com/watch?v=H/GCoVF3YVM

Implications of Bayes’ theorem
https://www.youtube.com/watch?v=R13BD8gKeTg

Prior probability, in Bayesian statistical inference, is the probability of an event
before new data is collected. This is the best way of assessing the probability of
an outcome based on the current knowledge before an experiment is
performed. Posterior probability is the revised probability of an event occurring
after taking info consideration new information. Posterior probability is calculated
by updating the prior probability by using Bayes’ theorem. In statistical terms, the
posterior probability is the probability of event A occurring given that event B has
occurred.

Bayes’ theorem thus gives the probability of an event based on new information
that is, or may be related, to that event. The formula can also be used to see how
the probability of an event occurring is affected by hypothetical new
information, supposing the new information will turns out to be frue.

Exercise on Bayes’ theorem

1. The number of loans sanctioned by a particular branch of a bank under
different heads and the percentage of defaults in each category is given
above:

[19]


https://www.youtube.com/watch?v=HZGCoVF3YvM
https://www.youtube.com/watch?v=R13BD8qKeTg
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Number of Loans
Types of Loan Defaults (%)
Approved
Personal Loan 15 3%
Education Loan 5 1%
Housing Loan 10 2%
Car Loan 10 5%

If the loan application form picked at random for review is found to be of a
person who has defaulted then find the probability that the application was
for car loan.

A courier service company sends 30% of its orders by air, 50% by combination
of bus and local fransport and remaining 20% by train. Past record shows the
courier is delivered late 2%, 7% and 5% of the fime when orders are sent by
air, bus local transport and train respectively. Find

@ the probability that the order will be delivered late

(i) the probability that the parcel delivered to a customer is sent by train if
it is delivered late.

A young entrepreneur imports high tfech machines for a startup venture. The
imported machines are to be set up by an expert who is sent by the firm
making these machines. From experience it is known that 80% of the times
the expert is able to correctly set up the machines. If the setup is correctly
done the machine produces 90% acceptable items and in case of an
incorrect set up the machine produces only 50% acceptable item. If after a
certain set up the machine produces an acceptable item followed by an
unacceptable item find the probability that the machine is incorrectly set

up.

An insurance company insures scooter drivers, car drivers and bus drivers in
the ratio 4:5:3. The probability of a scooter driver, car driver and bus driver
meeting with an accident is 0.7%, 0.4% and 1.2% respectively. If an insured

[20]




person meets with an accident find the probability that the person is a
scooter driver.

5. Two cards from a pack of 52 cards are lost. From the remaining cards of the
pack a card is drawn at random and is found to be spade. Find the
probability that the lost cards are both spades.

6. Alaboratory blood test is 99% effective in detecting a certain disease when
it is in fact, present. However, the test also yields a false positive result for 0.5%
of the healthy person tested. If 0.2% of the population actually has the
disease, what is the probability that a person has the disease given that his
test result is positive?

Check your progress - 5

1. Car Repair Diagnosis
The manager of a car repaqir workshop knows from past experience that
when a call is received from a person who is stuck up far away and has
problem starting the car, the probabilities of various troubles are as follows:

Event Trouble Probability
A, Battery problem 0.4
A, No petrol 0.3
A; Flooded 0.1
Ay Some other reason | 0.2

Assuming that no two faults occur simultaneously and E be the event that

the car starts if instructions given by the manager are followed by the driver

with probabilities:

PEIA)=03,PEIA)=0PEIA;)=08,PEIA)=05

(@) If aperson follows the instructions given by the manager, what is the
probability that the car starts?

(b) If the car starts on following the instructions of the manager, find the
probability that car had a battery problem.

[21]
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2. In afactory which manufactures bulbs, units A, B and C manufacture respectively
25%, 35% and 40% of the bulbs. Of their outputs, 5, 4 and 2 percent are respectively
defective bulbs. A bulbs is drawn at random from the product and is found to be
defective. What is the probability that it is manufactured by the unit B?

Summary

1. A random experiment is a process by which we observe something
uncertain

2. Anoutcome is aresult of a random experiment.

3. The set of all possible outcomes is called the sample space. The sample
space is defined based on how you define your random experiment.

4. Atfrialis a particular performance of a random experiment.
5. Aneventis asubset of the sample space.

6. The ratio of number of favourable outcomes to the tofal number of
outcomes is defined as the probability of occurrence of an event.

7. We have Independent or dependent Events, Impossible and Sure Events,
Exhaustive Events, Mutually Exclusive Events according to the probabilities
with reference to the sample space.

8. If E.and F are two events associated with the same sample space of a
random experiment, the conditional probability of the event E given that
F has occurred,

Number of elementary events favourable to ENF

PEIF) =
ELD Number of elementary events which are favourable to F
P(ENF
PEIRH= SEOD) L vided P (B 20
P(F)

[22]
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9. Theorem of total probability “expresses the total probability of an
outcome which can be realized via several distinct events”.

if
(@A UAU...UA, =S
YA NA=¢ foralli, j
(c)A #¢ foralli

Then :

P(B) = P(BI ADP(A) + PB I A)P(AL) + - - - + PB | A)P(A)

= > P(BJAP(A)

10. Bayes’ Theorem If A;, A,,... An are n non empty events which constitute d
partition of sample space S. Also B is any event of non zero probability, then

P(A,P(B|A))
P(A, |B): - foranyi1=1,2,3,...,n
Y P(A)P(B|A)

=

Practical and project work

1.  Find out different examples of practical applications of Total Probability
theorem and Bayes’ theorem in finance, research and industry

2. Search for data and frame a problem to be solved by Bayes’ theorem. Use
excel sheet to calculate the result.

Further exploration

1. https://www.cimt.org.uk/projects/mepres/alevel/stats chl.pdf

Solutions to Check your Progress - 1
1. Observing the Number of people voted in a constituency.

2. S={DDD, DDN, DND, NDD, DNN, NDN, NND, NNN}
[23]



https://www.cimt.org.uk/projects/mepres/alevel/stats_ch1.pdf

Solutions to check your Progress-2

1.

Independent events

A : Person having black hair

B : Person working in a MNC

Dependent events : Traffic and Condition of road Accident
Impossible event : Sun rising in the west

Sure event : Getting sum of number <12 when a pair of dice are rolled
Exhaustive events

A: Getting a head in a single throw of a coin

B: Getting a tail in a single throw of a coin

Mutually exclusive events

A: A person running forward

B: A person running backward avB=0

Mutually exclusive and exhaustive events

A: getting an even number in a throw of a die

B: getting an odd number in a single throw of a die.

Solution to check your Progress - 3

1. Let A denotes the event of car buyer buying alarm system and B denotes

the event of car buyer buying bucket seat

P(A) = 40%, or 0.4.

20

P(ANB) = —=0.2
( ) 100

Substitude the values in the formula

[24]
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P(ANB) _02_

WMAF:PM) 04

The probability that a buyer bought bucket seats, given that they purchased
an alarm system, is 50%.

2. Let M stands for event of person being male and P stands for a event that
person is a pet owner, we have:

P(MNP) =0.41.
P(P) =0.86

Substituting in the formula:

P(MAP) 041

P(M | P) = =
P(M)  0.86

=0.477,0r 47.7%

Solution to check your Progress - 4

1. Let D denotes the event of seeing the doctor regularly and H denotes the event of

facing no health issues the following year.
Probability of those who see doctor regularly, P(D) = 0.80
Probability of those who do not see the doctor regularly, P(D*) =0.20

Probability of those who see the doctor given that have no health issues P(H | D)
=0.35

Probability of those who do not see doctor and have no health issues P(HID")
=0.05

P(H) =PD) PHID) + P(D) PHID")

= 0.80x0.35 +0.20x0.05 = 0.28+0.01

[25]




Answer to exercise on Baye’s Theorem

1. 5/12

51/1000, 10/51
25/61

1/3

051

198/697

SRS L A

Solution to Check your Progress - 5

1 () We need to compute P(E)
Using theorem of total probability, we get
P(E) =P(A) P ETA) + P(A2) P (EI1A) + P(As) P (EI1As) + P(A») P (E1A)
=04x03+03x0+0.1x08+0.2x0.5
=0.12+0+0.08 +0.10
=03 ... (D
The probability that the car starts is 0.3

) We use Bayes’ formula to compute the posteriori probability
P (AY1E):
P(A.)P(B|A.
P(AI/E)z - ( 1)( | 1)
P(A)P(BJA))
i=1
_ 0.4x0.3 (Using 1)
0.3
=04

Thus the probability that the car had battery problem if it started on following

managers instruction is 0.4.

2. Let By, By, B; be the event that the bulb is manufactured by units A, Band C
respectively and E be the event that bullb manufactured is defective

P(B,) =0.25, P (B,) = 0.35 and P(B3) = 0.40
P(E I By) = Probability that the bolt drawn is defective given that it is

manufactured by unit A = 5% = 0.05
[26]




Also P(E | B,) = 0.04, P(E I Bs) = 0.02.

P(B,JF) - P(B,)xP(E[B,)

P(B,)xP(E|B,)+P(B,)xP(E|B,) +P(B,)x P(E|B,)

~ 0.35%0.04
0.25%0.05+0.35%0.04 +0.40x 0.02

0014 28
0.0345 69

[27]



