Chapter-VIiil
HEN

CALCULUS

Learning Objectives:
After completion of this unit, student willbe able to:
® Identify afunction andfind out domain andrange of afunction

@ Classify functions intfo different types like Polynomial function,
Composite function, Logarithmic function, Exponential function,
Modulus function, Greatest integer function, Signum function

Represent a function graphically and identify the function
corresponding to a graph

Explain the concepts of limit and continuity
Correlate instantaneous change with differentiation

Find out derivatives of algebraic functions using first principle,
standard formulae and Chain Rule

find out equations of tangents to the curves, using derivatives
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Some rules which will be of help in finding derivatives are:

Rules Function Derivative
Multiplication by constant cf cf’
Power Rule X" nx"!
Sum Rule f+9 f'+g
Difference Rule f-g f'—g’
Product Rule fg fg +f' g
Quotient Rule f/g (" g-g f)/g?
Reciprocal Rule 1/f —f' /2
sin(x) Cos(x)
Trigonometry (x is radians) cos(x) —sin X
tan(x) sec?

8.9 Derivatives of algebraic functions using chain rule :

A function is compositeif you can write it as lg(x). In other words, it is a

function within a function, or a function of a function. For example (5x-2)%is
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composite function. Here 5x -2 can also be considered as a function.

Chain rule helps us in finding the derivative of a composite function.

If fis a composite function then derivative of f with respect x can be

written using chain rule as :

E[F(e0)] = '(ex)e' ®)

Where g is the inner function and fis the outer function.
Let us find out the derivative (5x-2)° using chain rule
(5x-2)%is made up of g> and 5x-2:

e fl@=¢°
e g =5x-"2

The individual derivatives are:

f'(9) = 3g° (by the Power Rule)

g =5

Therefore derivative (5x-2)°= 3 (5x-2)’x5 = 15 ( 5x-2)°

One way to interpret the derivative f' is to say that f'(k) at k is the rate of
change of f at x =k Let us say that a water tank is filled at constant rate and
the volume of water in the tank is a function of tfime given by V () =3/51 . If

we plot a graph of V(1) with respect to t we get the following :




Here 3/5 (which is a constant) is the slope of the graph and can be
determined by finding the derivative of V(1) with respect to t. That means
the water tank is being filled at the rate of 3/5 liters per second. But the
situation may not be that simple. If the volume of water being filled in the
tank is non linear and is given by the V() = 0.2 t* . Here we will not have

constant rate of change of volume. Let us plot the graph and see.

We can find instantaneous rate of change of volume of water in the tank
by finding the derivative of V(1), which comes out to be 0.2x2t = 0.4t. This
value changes with change in fime (1). If we want to find the rate of
change of volume with respect to time at any instant we just substitute the

value. For example, the rate of change will with 2 L/s at t =5 second

(29)



Check your Progress 8 :

Q) Find the rate of change of the area of a circle with respect to its radius
rwhenr=>5cm.

b) On heating, the volume of a metal cube is increasing at a rate of 9
cubic centimeters per second. How fast is the surface area increasing

when the length of an edge is 10 centimeters?

8.10 Tangent line and equation of tangent :

A tangent line (or simply tangent) to a plane curve at a given point is a
straight line that just fouches the curve at that point. More precisely a straight
line is said o be a tangent of a curve y = f(x) at point x = ¢ if the line passes
through the point (¢, f (¢) ) on the curve and has a slope f'(c ) where f' is the

derivative of f. In the following diagram a tangent is drawn at the point P.

When we say tangent line for a function can be found by computing the
derivative, it only means that * the derivative measures the slope of the
tangent line”. Following step can be used to find the slop of the a fangent line

for a function f(x) at a given point x = Q.

1. Find the derivative f'(x)

2. Put the value of x =a to get the slope. i.e slope m =f'(Q)

3. Find out the y coordinate of the point which is b = f(a)
(30)




Use the formula y = m(x-a) +b and put values of m,a and b fo get the
equation of fangent line at point ( a,b) Let us take a concrete example o
understand this procedure. For a function f(x) =x*+ 3x°+ 1. We'll find the

tangent lines at a few different points. Plot of the graph is as under:

-

Let us find out the equation of tangent lines at the points x = -3,
Cose: 1 x=a=-3

The derivative of x* + 3x°+ 1. Is 3x°+ 6x

Slope m=f'(a) =9

If the value of x=0= -3value ofy=b =1

Thus equation of the tangent line is y =m (x-a)+b

Thus equation of tangent line at point ( -3,1) to the function f(x) = x>+ 3x°+ 1 is
y = 9(x+3)+1

If we draw this fangent line it will look like the one given below:
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Check your Progress 9:

Q. For the function f(x) = x* + 3x*+ 1 given above, tangent line at point -3 is
drawn using GeoGebra graphing calculator. Draw the tangent line

using this application at x= -2 and x=1.

b. Find the equations of a line tangent to y = x3-2x?+x-3 at the point x=1.
Summary:
o Function, in mathematics is an expression, rule, or law that

defines a relationship between one variable (the independent

variable) and another variable (the dependent variable).

o In a function, the input value must have one and only one

value for the output.

° The domain of a function is the set of all values, the

independent variable can take.

. The range of a function is the complete set of all possible
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resulting values of the dependent variable after we have

substituted the domain.

Different types of functions are Polynomial function, rational
function, Exponential function, Logarithmic function, Greatest
infteger function, Signum functions etc. All these functions can

be plotted on a graph.

Concept of limit can be used to find out the value of function

when it is not defined at a particular value.

The function f(x) is said to be continuous at the point x = a if its
finite value at x = ais equal to the limiting value of f(x) at point x
= a. Thus for continuity at x = a, Left hand limit = right hand limit

= value of the function

The derivative of afunctiony =f(x) of variable xis a measure
of the rate at which the valuey of the function changes with
respect to the change of the variablex. It is called

the derivative of f with respect to x.

If x and y are real numbers, and if the graph of fis ploftted
against x, the derivative is the slope of the tangent to this

graph at each point.

Derivative of the function f at a can be written as :

() = lim L@~ 1@

h—0 h

If fis a composite function then derivative of f with respect

X can be written using chain rule as :

[ (200)]=f'(2()2 )

Where g is the inner function and fis the outer function.
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The concept of derivative can be used to find the slope of

the tangent line for a function f(x) at a given point x = a.

Steps are:
» Find the derivative f'(x)
» Put the value of x =a to get the slope. i.e slope m =
f'(a)
» Find out the y coordinate of the point which is b = f(a)
» Use the formula y = m(x-a) +b and put values of m,a

and b to get the equation of tangent line at point
(a. b)

Solutions to Check your Progress :

1a () is not a function as input 1 has two outputs: 0 and 5.

(i) is a function. Each input has only one output. Same output (4) for

same input does not matter.

b) (f+g) (X) = x>x+6 and the graphs are as under:

| 1
US ’T 18
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2. Graphs are as under :

a) c)
3.
@ f(x) = 2*
O gl=x) = 10¢
@ h(x) = &
4, Answers:
@ lim@-3x+12x%) =8-3(2)+12(4) =[50]
2 R R R R
o lim (2z" =17z +38) _lim (2z-1)(z-8) lim 2z-1 _
78 8—7 78 _(Z — 8) z—8 —]
5 e))
®  y=-I
(i) y=2

(i) y=2,the function is not continuous at x=2

6b) Rate of change of area with respect to side can be calculated by
finding the derivative of x? with respect to x and if we find its value of at
‘a’ we get the tendency of change of the area in that moment. By
using first principle we get this value = 2a
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7 a)  Putting value of rin 2 rwe get 10mcm?/ cm .
b) 3.6cm?/s
8.b) y =3x*-4x+1
At x=1 we get the value of slope = 3(1)? -4(1) +1 = 3-4+1=0.
Value of y at x=11is b = (1)*2(1)°+1-3 = 1-2+1-3 = -3,
Using the formula : y = m(x-a) +b =-3

y=-3 is the equation of fangent at x=1






