Chapter Vi

HEN
Permutations and
Combinations

Learning Objectives:
After completion of thisunit you willbe able to:

) Explain the difference between permutation and
combination

Solve problems based on permutation and
combination

Apply the formulas and concepts learnt to find solution
of application problems

Appreciate how to count without counting.
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6.7 Combination with Repetition

We have seen number of arrangements of n distinct objects taken r at a time with
repetition in N, Do we have situations where combinations of objects with
repetition is a possibility.

Let us consider a practical example. During lunch break 5 friends go to school
canteen where each one of them has one of the following: a burger, cold coffee
or noodles. How many different purchases are possible? Let b, ¢ and n represent
a burger, cold coffee and noodles respectively.

Here we are concerned with how many of each items are purchased, not with
the order in which they are purchased.

So the problem is one of selections or combinations with repetition. Some possible
combinationsarebbbccbccnncccccetc,

Now we give an important theorem.

Theorem: Number of combination of r objects from a set with n objects when
repetition of elements is allowed = ""'C,

In the problem discussed above, we have
N = 3 (possible food or drink)
r =5 (friends)

Note: r > nis possible here

Number of combinations = "'C,

— 3+5-1 C5
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=7Cy = =2]
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Example 51: How many ways one can select three gift vouchers from a box
containing Rs. 100, Rs. 500, Rs. 1000 and Rs. 2000 gift vouchers? Assume that the
order in which the vouchers are chosen does not matter, the vouchers of each
denomination are identical and there are at least three gift vouchers of each

type.

Solution: Since the order in which the vouchers are selected does not matter and
vouchers of 4 different amounts are there and 3 gift vouchers have to be
selected.

This problem involves counting of 3-combinations with repetition from a set of four
elements.

Thuswe have,n=4,r=3

Number of combinations = ™'C, = #*'C,

=¢C, = 6x5x4 -0
3x2x1

Let us Recollect Formulas of Permutation and Combination

S. No. Type Repetition Formula

1. Permutation of n distinct Not allowed "p =
objects taken r at a time

2. Permutation of n distinct Allowed n
objects taken r at a time

3. Combination of n distinct Not allowed "Co= _nt
r ' _ '
objects taken r at a time ri(n=r)!

_(n+r—D!

4, Combination of n distinct Allowed nir-t e~ TR
rKn—lﬁ

objects taken r at a time

Note: A word of Advice!
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When dealing with counting problem, we should think is order important in the
problem? When order is required we think in terms of permutations, arrangements
and fundamental principle of multiplication. When order is not relevant,
combination plays a key role in solving the problem.

Miscellaneous Examples

Example 52: How many words, with or without meaning, each of 2 vowels and 3
consonants can be formed from the letters of the word DAUGHTER?

Solution: In the word DAUGHTER, there are 3 vowels and 5 consonants.

The number of ways of selecting 2 vowels out of 3 = °C,

The number of ways of selecting 3 consonants out of 5 = °C;

Therefore, the number of combinations of 2 vowels and 3 consonants is
SCyx%C3=°Cyx°C,=3x10=30

Now each of these combinations has 5 letters which can be arranged among
themselves in 8! ways.

Therefore the required number of words is 30 x 5! = 3600

Example 53: How many numbers greater than 2000000 can be formed using the
digits 1, 3,0, 3, 2, 3, 27

Solution: The numibers have to be greater than 2000000, so they can begin either
with 2 or 3.

The numbers beginning with 2 = g—: =4 x5x6=120

6!  6x5x4x3x2x1 _

Total numbers beginning with 3 = = =180
9 9 2121 (2><1)><(2><1)

The required number of numbers = 120 + 180 = 300

Example 54: From a group of 20 students of an environmental club 9 are to be
chosen for an educational tour. There are 3 friends among these students who
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decide that either all of them will join or none of them will join. In how many ways
can be students for the educational tour be chosen?

Solution: Let us consider the case when the three students doesn’t join. In that
case 9 students have to be chosen from the remaining 17 students, i.e.,

3Co X WCQ = WCQ wdays

In case the three students join the tour we chose the remaining 6 students from
17 students, which can be done in °C; x "C, = '"C, ways.

Total number of combination satisfying the given condition = "C, + "C,
= 24310 + 12376
= 36,686

Example 55: Find the number of (i) combinations and (i) permutations of the
letters of the word ACCOUNTANCY taken 4 at a time.

Solution: The given letters of the word are
(CCQO), (AA), (NN), O, U, Tand . There are 11 letters of which 7 are distinct.
The various choices of 4 letters at a fime are
® 3 identical and 1 different letfter
3Csx °Ch=1x6=6ways
D) 2 pairs of identical letters
°C, =3 ways (i.e., CCAA, CCNN, AANN)
(i)  One pair of identical letters and 2 different letters.

6x5
X —

3C1 X 6C2 =3 1 =45 wdays
X

(iv) 4 different letters.

704 = 1X0X5x4 _ 4p ways
4x3x2x1

)]
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So total number of combinations =6 + 3 + 45 + 35 = 89

To find the permutations we have to arrange the letfters in all the above cases:
0) 6x —=24

41

® 3><2!><2!=

18

41
(i) 45« o 540

(v) 35x41=840
The total number of permutations are =24 + 18 + 540 + 840 = 1422

Example 56: There are 8 members in a committee. In how many ways we can
choose:

0) a subcommittee consisting of 3 members?

D) a chairperson, a secretary and a treasurer assuming that one person
cannot hold more than one position?

Solution:
0) To form a subcommittee we have to choose 3 members out of 8 which can

ExTx6

3Ix2x1

be done in 8C; = =56 ways

(i) To choose a chairperson, a secretary and a freasurer the order is also

81 _ 8! _ 8x7x6 = 336 ways

important, so it can be done in ®P; = W =5

Example 57: A company has 5 senior officers and 7 junior commissioned officers
JCO’s). A team of 4 is to be sent on a special mission. In how many ways it can
be formed so that it comprises of

0) any 4 officers?
) 4 senior officers?

iy 2 senior and 2 junior officers (JCQO's)
(52)
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(iv)  atleast 2 senior officers
Solution:
0) Any 4 officers can be selected in '°C, = 495 ways
(i) 4 senior officers can be chosen in °C, = 5 ways.
(i) 2 senior and 2 junior officers can be selected in check for sub-script

5C, x 1Cy= X4 . 1X6 _ 10421 =210 ways

2x1  2xl1

(iv)  The tfeam of At least 2 senior officers can constitute of 25 and 2J or 3S,

1J or 4S

= 5C2 X 7C2 + 5C3 X 7C] + 5C4

5x4 Tx6 5x4
X + X
2x1 2x1 2x1

7+5

10x21+70+5

=210+ 70+5 =285

Example 58: From a total of 9 players a basketball team of playing 5 is to be

selected. How many tfeams are possible if

0) the distinct positions of the playing 5 are to be taken into consideration.

(i) the distinct position of the playing 5 are not taken into consideration.

iy  the distinct positions are not taken into consideration, but two players either
Krish or Rohit (but not both) should be in the playing 5.

Solution:

0) If the distinct position of the playing 5 are to be taken intfo consideration,

|
fhen number of ways = °Ps = % = 15120

(63)
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(i) If the distinct position of the playing 5 are not taken into consideration, then
number of ways = °Cs = 126

(i) Number of ways, when either Krish or Rohit (but not both) are in the playing
5

=2x ]C1 X 7C4
=2x1x35=70
Example 59: Quality Control:

A medical store receives a shipment of 24 infrared temperature guns, including 5
that are defective. Three of these guns are to be sent to a private hospital.

0) How many selections can be made

D) How many of these selections will contain no defective guns?
Solution:

0) Number of selections = *C; = 2024

D) Number of selections which contains no defective guns = “C; = 969

Miscellaneous Exercise 1.5

1. An investment banker finalises the list of specific entities worthy of
investment in each of the 3 instruments given below:

3 private limited companies for direct equity investment

5 mutual fund schemes

2 banks for making fixed deposits

In how many ways the investment can be made if;

0) the banker decides to invest the entire fund only in entity

(i) the banker chooses to invest in one entity of each of the three
instruments.

(54)
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A cookie shop has five different kind of cookies. How many different ways
can six cookies be chosen assuming that only the type of cookie and not
the individual cookies or the order in which they are chosen matters.

In an examination, a question paper consists of 12 questions divided into
two sections i.e. A and B, containing 7 and 5 questions, respectively. A
student is required to attempt 8 questions in all and first question of section
A is compulsory. In how many ways can be student select the questions if
at least 3 questions are to be attempted from each section.

How many 4 digit numbers can be formed from the digits 1, 1,2, 2, 3, 3. 4
and §7?

How many 5 lefter word can be formed using 3 letters of the word
ALGORITHM and 2 letters from the world DUES.

Life Sciences (Medicine): There are 8 standard classification of blood type.
An examination for prospective laboratory technicians consists of having
each candidate determine the type of 3 blood samples.

0) How many different examinations can be given if no. 2 samples are
of the same type.

D) How many different examination papers can be given if 2 or more
samples can have the same type.

Find the number of parallelograms in the following figure.

[ ]
[ ]

[ ]
[ ]

The number of incorrect predictions of 4 successive football matches is

0] 81 (in 64

(55)
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iy 80 (v) 63
9. Number of ways in which 15 different children can sit in a merry-go-round
relative to one another is
0) 1/2 (141 @ii) 14!
Giy  1/208YH iv) 2x14
10.  Number of diagonals of a convex hexagon are:
0] 3 an 6
Giy 9 iv) 15
11. Number of divisors of 10,000,000 are:
@ 7 D) 8
iy 49 (v) 64
12. A donuts shop offers 20 kinds of donuts. The shop has at least a dozen
donuts of each kind if person enters the shop he can select dozen donuts
in
0) ¥1C,, ways ()  %C,, ways
(i)  *Cy, ways (v) 240 ways
13.  The number of permutations of n different things taken r at a time in which
m particular things are placed in m given places in definite order is:
0) "MPm x M i ¢-m+1!
iy "Prm (v) "P,—m!
Answers:
1. @ 10 (i) 30
2. ¢ 1C, =210
3. 265 ways

(56)
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5.
6.
7.
8.
9.

10.
1.

12.
13.

354

°Cs x 1C, x 51 = 60480
@) 56 (i) 512

4C, x °C, = 60

(iii)

(ii)

(iii)

(iv)

0]

(iii)

Summary

There are two basic principles of counting

1) The Rule of Sum (Fundamental Principle of Addition)
If an event E can occur in m ways and another event F can occur in n
ways, further the two events cannot occur simultaneously, then the either
event E or F can occur in (M+n) ways.

2) The Rule of Product (Fundamental Principle of Multiplication)
If an event can occur in m different ways, following which another event
can occur in n different ways, then the total number of occurrence of
the events in the given order is mxn.

Factorial
N=1x2x3x...x(N-1)xn
NnNl=nxm-1)!

The number of permutations of n different objects taken r at a time, where

O <r < nand objects do not repeat is given by "P. =

Ty where o<r<n.
n—r)!

(57)



® The number of permutations of n different objects taken r at a time, when
repetition is allowed is n'.

(58)




